Abstract. Epidermal wound healing is a complex process that repairs injured tissue. The complexity of this process increases when bacteria are present in a wound; the bacteria interaction determines whether infection sets in. Because of underlying physiological problems infected wounds do not follow the normal healing pattern. In this paper we present a mathematical model of the healing of both infected and uninfected wounds. At the core of our model is an account of the initiation of angiogenesis by macrophage-derived growth factors. We express the model as a system of reaction-diffusion equations, and we present results of computations for a version of the model with one spatial dimension.
Introduction
Skin is the largest organ of the body. Its main function is to protect the internal organs. Skin damage, such as wounds caused by burns or cuts, constitutes serious injury and may lead to illness. Treatment of wounds has focused on how to close and repair the injured tissue rapidly. The healing of wounds is a complex process that involves various types of cells and chemical regulators.
Wounding is an abnormal loss of cells. Healing begins when mitosis takes place to recover this loss, so the tissue mass is maintained in proper relation to body mass [3] . The healing process consists of three overlapping phases: the inflammation phase, in which the wound is prepared for healing, the proliferation phase, which is a re-constructive phase in which the dermal structure is the wound. The progression from contamination to infection depends on the bacteria density, the virulence of the organisms and the host immune response. The healing process is slow compared with the spread of infection.
Mathematical models can shed light on the biological mechanisms of epidermal wound healing (see [17] for a review). We hope that modeling will lead to greater understanding of the process and improvements in wound care. Over the last two decades many mathematical models of aspects of wound healing have appeared in the research literature [4, 11, 18, 19, 22, 27] . These models incorporate various crucial biological mechanisms such as cell mitosis, cell proliferation, cell death, capillary density, angiogenesis, oxygen supply, and production of growth factors. . Mathematical models of stall and infected wounds with focus on host tissue degradation by bacteria or quorum-sensing by bacteria have also been considered [12, 13, 14, 15, 16, 31] . These papers provide complex models expressed as deterministic reaction-diffusion equations that must be solved numerically.
In this paper we present a multiscale model of the effects of micro organisms, such as bacteria in the wound, on the capillary remodeling. The model accounts for the dependence of capillary regeneration on the availability of oxygen concentration and the production of growth factors for non-contaminated and contaminated wounds. Models that focus on the global degradation of the host tissue by bacteria implicitly assume that bacteria have the ability to infect the wound. This is a limitation since wound contamination or colonization does not necessarily lead to an infection. It is known that a persistent production of endotoxin by bacteria leads to a decreased production of growth factors [25] . We attempt to capture how the presence of bacteria influences the production of growth factors. This approach allows us to investigate a matter that has been debated in the literature: whether infection is caused by bacterial density or bacterial virulence [2] .
The Mathematical Model
We present a model of an epidermal wound in the presence of microbial organisms. In the interest of simplicity, we shall present our model as a spatially one-dimensional model. However, nothing about the model's structure demands that it be restricted to a single spatial dimension, and it can be generalized easily; one need only interpret the fluxes as higher-dimensional fluxes. The model accounts for the effect of oxygen, O(x, t), on the production of the Macrophage-Derived Growth Factors (MDGFs), and the effect of the concentration of these growth factors, G(x, t), on the increase of capillary density, N (x, t), which is a combination of tip and sprout densities. The effect of bacteria density, B(x, t), on the capillary remodeling is also examined. We let the wound occupy the interval 0 ≤ x ≤ R, where the edges x = 0 and x = R denote the wound center and wound periphery respectively.
Macrophage-Derived Growth Factor Model
When the oxygen concentration is low, macrophages appear at the site of the wound. These macrophages release chemicals, MDGFs, that stimulate vessel growth and collagen deposition.
The rate of production of MDGFs is a function of oxygen concentration. For our purposes we need only capture two elements of this function: its switch-like character, that is, the fact that it equals 0 for oxygen concentrations above a critical concentration, Θ, and its decreasing monotonically with oxygen concentration. We take the MDFG production rate to be Φ(O) = 1 − O/Θ . Growth factor is taken up by capillaries at a rate that is proportional to both the capillary density and the growth factor concentration, γ 2 GN . It is depleted in a second-order reaction with bacteria, at a rate γ 4 GB. We account for natural loss of growth factor with a first-order loss term, γ 3 G . The growth factor diffuses linearly in the wound region; we let D 1 be the diffusion coefficient. Thus, we have
We assume that initially there is no growth factor: G(x, 0) = 0. We also assume that there is no flux of growth factors through the boundaries. Thus we have the boundary conditions
Capillary Density Model
The macrophage-derived growth factors (MDGFs) trigger the endothelial cells of the nearby blood vessels. This causes the growth of capillary tips. We model the increase in capillary density as having two parts: the increase, at a particular location, of the density to its natural limit, which we call L, and the spread of capillary tips from regions of greater to regions of lesser density.
If the capillary density were uniform in a region of the wound, it would increase until it reached its natural limit. We assume that this growth is logistic, that is, its rate is proportional to the capillary density and to the density of wound region still available for penetration by capillaries. At the MDGF concentrations that we consider, it is reasonable to assume that the growth rate of capillary density is also proportional to the concentration of MDGF. Thus we take this rate to be
Capillaries will also spread from regions of greater capillary density into regions of lesser capillary density. The mechanism for this spread is not really distinct from the mechanism we described in the prior paragraph. We model the spread of capillaries as mathematically analogous to nonlinear diffusion, although the capillaries do not diffuse, they grow. We take the "flux" of capillaries across a surface in the wound to be proportional to the rate of increase in capillary density described by Ψ(G, N ) and to the gradient of the capillary density. Thus this "flux" has the form D 2 Ψ(G, N )∇N . By combining these two terms we obtain a PDE for the capillary density:
We assume that initially N (x, 0) = L at the edge x = R and N (x, 0) = 0 elsewhere. We set the flux of capillary density to zero at the boundary x = 0 i.e. N x (0, t) = 0. We fix the capillary density at x = R at the unwounded level, i.e. N (R, t) = L.
Oxygen Transport Model
Experimental results point out that the rate of wound healing depends on the oxygen supply. Increase of oxygen levels causes decrease in capillary growth. Thus, for successful healing to take place the oxygen level within the wound space must be low. The model assumes that the main source of oxygen is capillaries, and that it diffuses linearly ∇ · (D 3 ∇O) throughout the wound volume. We model oxygen production by the term λ 1 N , and its depletion, which is as a result of uptake by the capillaries and linear decay by the term, λ 2 N O − λ 3 . The equation governing oxygen production, transport and depletion is given by
There is no oxygen flux at the center of the wound so that O x (0, t) = 0 and the concentration of oxygen at the other boundary is O x (R, t) = θ, which represents the oxygen density when there is no wound. We assume that oxygen density is nonzero only at the edge x = R i.e. O(x, 0) = θ, and O(x, 0) = 0 elsewhere.
Active Bacterial Density Model
While intact skin provides an effective barrier to infection from extracellular bacteria, an open wound provides a favorable environment for bacteria. We assume that the wound is contaminated and that the bacteria survive on the substrate from the open wound. The available wound space (1 − N/L) therefore serves as the attractant concentration at spatial position x and time t. We follow the Keller-Segel model of chemotaxis [29, 30] , to model the growth and spread of the bacteria density in the wound volume. The following equation governs the bacteria density:
where
is the function describing bacteria growth, with rate α and carrying capacity K. The parameter χ is the chemotactic coefficient and D 4 is the bacteria diffusion coefficient. The initial bacterial distribution is given by B(x, 0) = b 0 . We assume that there is no flux of bacteria through the boundaries. Thus we have the boundary conditions B x (0, t) = B x (R, t) = 0.
Dimensionless Equations of the Model
Setting n = N/L, o = O/θ, g = G/G 0 , (where G 0 is a characteristic MDGF concentration), and b = B/K, we obtain the following scale equations of the model: 
Results and Discussion
In this paper, we modeled the complex process of wound healing and bacteria contamination using a coupled system of nonlinear reaction-diffusion equations. We solve the non-dimensional equations numerically using the method of lines. The parameters used in our simulations were chosen to be in close proximity to similar parameters in related works [18, 23, 27, 28] . The results can be summarized as the following three points:
First, we consider a wound that is free from bacteria contamination. All else being equal such a wound is expected to heal normally and this is demonstrated by the results in Figure 1 . We see a propagation of capillary density across the wound space at different times and this indicates that the wound is healing. It can be observed that where oxygen is low there is more production of MDGFs and this leads to the migration of capillaries. The regeneration of capillaries brings in more oxygen which then lowers the production of MDGFs. This is a negative feedback mechanism among oxygen, MDGFs, and capillaries. It is therefore clear that in the absence of any bacteria, the wound will heal successfully and in a timely manner.
As a second case, we consider wounds that are contaminated with non-virulent bacteria. Here, we present results for a wound whose bacteria density is low and another having a high bacteria density. The simulation in Figure 2 shows that when the bacteria density is low the healing rate of the wound is similar to that of a non-contaminated wound. This accords with the fact that a low level of harmless bacteria in a wound enhances the rate at which it heals [9] .
The results in Figure 3 are for a wound containing a high density of harmless bacteria. The progression of capillary density is very similar to the progression we observed in the simulation of the previous wound. This indicates that the wound is healing in a regular manner. This is in contrast to the assertion that there exists a bacteria density threshold beyond which a wound becomes infected. Our results therefore suggest that the number of bacteria in a wound do not determine whether a wound becomes infected.
The third case we considered involves wounds that are contaminated with virulent bacteria. As we did in the second case, we present results for a wound whose bacteria density is low and one with a high bacteria density. The results shown in Figure 4 illustrate a wound with a low bacteria density. We observe that early in the process, the wound appears to heal normally and then stalls as time progresses. The virulence of the bacteria has delayed the healing process. We can therefore say that the wound is infected. Next, Figure 5 presents results for a high density virulent bacteria. Observe that capillaries have failed to propagate across the wound space from the very onset of the healing process. The later result illustrate the classic condition of chronic infection. In both cases the results support the assertion that bacterial virulence determines whether a wound becomes infected. 
